OPERATOR IDEALS AND ASSEMBLY MAPS IN X-THEORY 



GUILLERMO CORTINAS AND GISELA TARTAGLIA 

Abstract. Let B be the ring of bounded operators in a complex, separable 
Hilbert space. For p > consider the Schatten ideal consisting of those 
operators whose sequence of singular values is p-summable; put <S = \JpCP. 
Let G be a group and Vcyc the family of virtually cyclic subgroups. Guoliang 
Yu proved that the ii'-theory assembly map 

H^(£(G,Vcyc),K(S)) K4S[G]) 

is rationally injective. His proof involves the construction of a certain Chern 
character tailored to work with coefficients <S and the use of some results about 
algebraic i^-theory of operator ideals and about controlled topology and coarse 
geometry. In this paper we give a different proof of Yu's result. Our proof uses 
the usual Chern character to cyclic homology. Like Yu's, it relies on results 
on algebraic ii'-theory of operator ideals, but no controlled topology or coarse 
geometry techniques are used. We formulate the result in terms of homotopy 
iC-theory. We prove that the rational assembly map 

Hf{€{G,Tin),KH{CP))(S)Q^ A'Jf. [G] ) ® Q 

is injective. We show that the latter map is equivalent to the assembly map 
considered by Yu, and thus obtain his result as a corollary. 



1. Introduction 

Let G be a group; a family of subgroups of G is a nonempty family T closed 
under conjugation and under taking subgroups. If is a family of subgroups of 
G, then a G-simplicial set X is called a {G, T)- complex if the stabilizer of every 
simplex of X is in T. The category of G-simplicial sets can be equipped with a 
closed model structure where an equivariant map X ^ Y is a weak equivalence 
(resp. a fibration) if X^ is a weak equivalence (resp. a fibration) for every 

H G T (see [H §1]); the (G, J^)-complexes are the cofibrant objects in this model 
structure. By a general construction of Davis and Liick (see [8]) any functor E from 
the category Z-Cat of small Z-linear categories to the category Spt of spectra which 
sends category equivalences to equivalences of spectra gives rise to an equivariant 
homology theory of G-spaces X H'^{X, E{R)) for each unital ring R, such that 
if C G is a subgroup, then 

(1.1) H^{G/H,E{R)) = E,{R[H]) 

is just E^ evaluated at the group algebra. The isomorphism conjecture for the 
quadruple {G,T,E,R) asserts that if £{G,T) pt is a (G, J")-cofibrant replace- 
ment of the point, then the induced map 

(1.2) H^{£{G,T),E{R))^E4R[G]) 
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-called assembly map- is an isomorphism. For the family J- ~ All of all subgroups, 
()1.2p is always an isomorphism. The appropriate choice of varies with E. For 
E — K, the nonconnective algebraic X-theory spectrum, one takes J- — Vcyc, 
the family of virtually cyclic subgroups. If _B = KH is homotopy _fC-theory, one 
can equivalently take to be either Vcyc or the family J^in of finite subgroups ([2 
Thm. 2.4]). If E satisfies certain hypothesis, including excision, one can make sense 
of the map (|1.2p when R is replaced by any, not necessarily unital ring A. These 
hypothesis are satisfied, for example when E = KH. Under milder hypothesis, 
which are satisfied for example hy E = K, (|1.2I) makes sense for those coefficient 
rings A which are E-excisive, i.e. those for which E satisfies excision (see 0] and 
Subsection 12.11 below) . 

The main result of this paper concerns the if iJ-assembly map for R = CP, the 
Schatten ideal. Recall that is an ideal of the ring B of bounded operators in 
a complex separable Hilbert space; it consists of those operators whose sequence 
of singular values is p-summable. Let S = Up>o Thm. 8.2.1] (see also 
]W[ Thm. 4]), S is if-excisive. Thus the assembly map (|1.2p with coefficients 
K{S) makes sense; Guoliang Yu proved in [T7] that it is rationally injective. His 
proof involves the construction of a certain Chern character tailored to work with 
coefficients S and the use of some results about algebraic if-theory of operator 
ideals ([5], [16]), and about controlled topology and coarse geometry from [1] and 

In this paper we give a different proof of Yu's result. Our proof uses the usual 
Chern character to cyclic homology. Like Yu's, it relies on results about algebraic 
ii'-theory of operator ideals from ^ and , but no controlled topology or coarse 
geometry techniques are used. We formulate the result in terms of KH; we prove: 

Theorem 1.3. Let p > and G a group. Then the rational assembly map 

H^{£{G,Tin),KH{jCP))®Q^ KH4CP[G])(»Q 

is injective. 

Yu's result follows as a corollary. 

Corollary 1.4. ( [171 Thm. l.l]). Let G be any group and let S = [jp^Q CP be the 
ring of all Schatten operators. Then the rational assembly map 

H^{£{G,Vcyc),K{S))^Q^ if,(5[G]) ® Q 

is injective. 

The proof of the corollary makes it clear that the two assembly maps are iso- 
morphic, so it really is the same result. 

The rest of this paper is organized as follows. In Section [51 after recalling some 
general facts about equivariant homology spectra, we focus on the case of periodic 
cyclic homology. For example, we show in Proposition l2 . 2 . 1] that if X is a (G, Tin)- 
complex and fc D Q a field, then 

i/«(X, HP{klk)) = H^^^piX, k) 

pel 

We use this to show in Proposition 12 . 2 .51 that the assembly map 
(1.5) H^{£{G,nn),HP{k/k)) ^ HPn{k[G]/k) 
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is injective for every group G. In Sectfon[3]we consider the Connes-Karoubi Chern 
character 

ch : H^{X,KH{A)) H^{X,HP{A/k)) 

defined in [4] §8]. We show in Proposition 13.31 that the composite of ch with the 
operator trace gives an equivalence 

c : H'^iX, KH{C^)) ® C ^ H^{X, HP{C/C)) 

for every (G, J^m)-coniplex X. From this and the fact that KH^,{C^) = KH^,{Cp) 
we deduce -in Corollary [33]- that a similar equivalence which we also call c holds 
for every p > : 

(1.6) c : H'^iX, KH{CP)) ® C ^ H^{X, HP{C/C)) 

Section |4] is concerned with Theorem II. 3[ which we prove in Theorem 14.11 The 
proof uses (|1.6p and the injectivity of (|1.5p . Yu's result [L4l is proved in Corollary 
14:21 

Notation 1.7. By a spectrum we understand a sequence E — {^E : n > 1} of 
simplicial sets and bonding maps I](„i?) — > n+iE; thus our notation differs from 
that of other authors (e.g. [13]) who use the term prespectrum for such an object. 
li E,F : C ~^ Spt are functorial spectra, then by a (natural) map f : E F we 
mean a zig-zag of natural maps 

XT' '7 7 j^'^ 7 ^ 7 I? 

tj — Zjq 5- Zj\ i Z12 5" • • ■ ^ji — 

such that each right to left arrow fi is an object- wise weak equivalence. If also the 
left to right arrows are object-wise weak equivalences, then we say that / is a weak 
equivalence or simply an equivalence. If E and F are spectra, we write E ® F for 
their wedge or coproduct. The Dold-Kan correspondence associates a spectrum to 
every chain complex of abelian groups. Although our notation does not distinguish 
a chain complex from the spectrum associated to it, it will be clear from the context 
which of the two we are referring to. 

Rings in this paper are not assumed unital, unless explicitly stated. We use the 
letters A, B for rings, and R, S for unital rings. If X is a set, then Mx is the ring 
of all matrices {zx,y)x,y£Xxx with integer coefficients, only finitely many of which 
are nonzero. If A is a ring, then MxA = Mx ® A; in particular Mx"^ — Mx- If A 
and B are rings, then A® B is their direct sum as abelian groups, equipped with 
coordinate-wise multiplication. 

2. Equivariant cyclic homology 

2.1. Equivariant homology of simplicial sets. Let A: be a field. A k-linear 
category is a small category enriched over the category of A;- vector spaces. We 
write fc-Cat for the category of /c-linear categories and /c-linear functors. Observe 
that, by regarding a unital fc-algebra as fc-linear category with one object, we obtain 
a fully faithful embedding of fc-algebras into /c-Cat. Let C £ fc-Cat, consider the 
fc- module 

AiC) = homc{x,y) 

x,y£C 
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If / G A{C) write fa.t for the component in homc(^, a)- The foUowing muUiphcation 

law 

(2.1.1) ifg)aM = f-'-ac.b 

cEohC 

makes A{C) into an associative /c-algebra, which is unital if and only if obC is finite. 
Whatever the cardinal of obC is, A{C) is always a ring with local units, i.e. a 
filtering colimit of unital rings. We call A{C) the arrow ring of C. li F : C ^ V 
is a fc-linear functor which is injective on objects, then it defines a homomorphism 
A{F) : A{C) A{'D) by the rule a n- F{a). Hence we may regard ^ as a functor 

(2.1.2) A : myk-Cat ^ k-A\g 

from the category of fc-linear categories and functors which are injective on objects, 
to the category of fc-algebras. However -4(F) is not defined for general fc-linear F. 
Let E : fc-Cat ^> Spt be a functor. If i? is a unital fc-algebra and / < i? is a fc-ideal, 
we put 

E{R : I) ^ hofiber(£;(i?) ^ E{R/I)) 

Thus if we assume ^(0) *, we have E{R : R) E{R). We say that E is 
finitely additive if the canonical map 

E{C)®E{V)^E{C®V) 

is an equivalence. We assume from now on that E is finitely additive. If A is a 
not necessarily unital fc-algebra, write 

ifc = A © fc 

for the unitization of A as a fc-algebra. Put 

E{A) = E{Ak : A) 

If A happens to be unital, we have two definitions for E[A); they are equivalent 
by |3l Lemma 1.1]. A not necessarily unital ring A is called E-excisive if for any 
embedding A < i? as an ideal of a unital fc-algebra, the canonical map 

E{A) -> E{R : A) 

is an equivalence. 

Standing Assumptions 2.1.3. We shall henceforth assume that E : k — Cat — > Spt 
satisfies each of the following. 

i) Every algebra with local units is F-excisive. 

ii) If iJ is a group and A an i?-excisive algebra, then A[H] is i?-excisive. 

iii) If A is F-excisive, X a set and x € X, then MxA is F-excisive, and E 
sends the map A — > MxA, a Cx.xO. to a weak equivalence. 

iv) There is a natural weak equivalence E{A{C)) E{C) of functors inj — 
fc - Cat Spt. 

v) Let A and B be algebras, and let C = A © i? be their direct sum, with 
coordinate-wise multiplication. Then C is F-excisive if and only if both A 
and B are. Moreover if these equivalent conditions are satisfied, then the 
map E{A) © E{B) — E{C) is an equivalence. 
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Examples 2.1 A. The assumptions above can be formulated for linear categories over 
any commutative, unital ground ring k. The (nonconnective) if-theory spectrum K 
satisfies the standing assumptions for k = Z as well as for any field k of characteristic 
zero Prop. 4.3.1, Prop. 6.4]). The homotopy iiT-theory spectrum KH is 
excisive, i.e. every ring is XiJ-excisive 15 . Furthermore it satisfies the assumptions 
over any ground ring k ([4, Prop. 5.5]). A fc-linear category C has associated a 
canonical cyclic /c-module C{C/k) ([ID]) with 

C(C/fc)„ = ^ homc(ci,co) ®fc • • • ®fc homc(co,c„) 

(co,...,c„)GobC"+i 

The Hochschild, cyclic, negative cyclic and periodic cyclic homology of C over k are 
the respective homologies of C{C/k); they are denoted HH{/k), HC{/k), HN{/k) 
and HP{/k). Both HH{/k) and HC{/k) satisfy the assumptions above when k is 
any field [H Prop. 6.4]. If fc is a field of characteristic zero, then HP{/k) is excisive 
[7]; furthermore, it satisfies the standing assumptions because HC{/k) does. It 
follows that also HN{/k) satisfies the assumptions. 

Let G be a group, and S a G-set. Write Q^{S) for its transport groupoid. By 
definition ohQ'^{S) = S, and homgG(5) (s, t) = {g G : g ■ s — t}. If i? is a unital 
fc-algebra we consider a small category R[Q'~^{S)]. The objects of R[Q'~^{S)] are 
those of g^{S) and 

/lOm^[gG(5)] (s, t) — RiS) 7j[homgG (^g) (s, t)] 

with the obvious composition rule. Note that R[Q'~^{S)] is a fc-linear category. We 
write OrG for the orbit category of G; its objects are the G-sets G/H, H C G 
a subgroup; its homomorphisms are the G-equi variant maps. The rule G/H ^ 
R[g^{G/H)] defines a functor OrG fc-Cat. 

Remark 2.1.5. If A is any, not necessarily unital fc-algebra we put 

AiAiG'^iG/H)]) = keiiA{Ak[g''{G/H)]) ^ A{k[g'' {G / H)])) 

Note that A{A[g^ {G / H)]) is always defined, even though A[g^{G/H)] is not. 
Morover, by i4, Lemma 3.2.6] there is an isomorphism 

AiAig'^iG/H)]) ^ Mg/h{A[H]). 
If i? is a unital algebra and / < i? is a fc-ideal, put 

i?(i?[g«(G/ff)] : /[^^(G/i/)]) = ho&heT{E{R[g^{G/H)]) ^ i?((i?//)[g«(G/ff)])) 
In the particular case when A is an £'-excisive algebra, we set 

E{A[g^iG/H)]) = EiA,[g^iG/H)] : A[g^{G/H)]) 
If X is a G-simplicial set, we consider the coend of spectra 

pOiG 

(2.1.6) H'^{X,E{R:I))^ A i;(i?[g'^(G/i/)] : /[^^(G/i/)]) 

To abbreviate notation, we write H°{X,E{R)) for H^{X,E{R : R)). The spec- 
trum H'^{X, E{R)) is a simplicial set version of the Davis-Liick equivariant homol- 
ogy spectrum associated with E ([8], [4]). We have a fibration sequence 

H^iX, E{R : I)) H^iX, E{R)) ^ H^iX, E{R/I)) 
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If A is i?-excisive, put 

(2.1.7) E{A)) E{Ak : A)) 
By H Prop. 3.3.9], if 

-> A' ^ .4 ^ A" ^ 
is an extension of _B-excisive algebras, then 

(2.1.8) EiA'ig'^i^)]) ^ i?(A[g«(-)]) ^ EiA' [g«(-)]) 
and 

(2.1.9) H^{X,E{A')) ^ H^{X,E{A)) ^ H'^{X,E{A')) 
arc homotopy fibrations. 

2.2. Equivariant periodic cyclic homology of (G, J-'Mi)-complexes. 

Proposition 2.2.1. Let X be a {G, J- in) -complex, and let k D Q be a field. There 
is a natural quasi-isomorphism 

0iJ'=^(X,fc)[2p] H'^{X,HP{k/k)) 

pel. 

Proof. It suffices to show that there is a quasi-isomorphism 

0FG(G/i7,fc)[2p] H'^{G/H,HP{k/k)) 

pel. 

for H G J-in, natural with respect to G-equivariant maps. In particular we may 
restrict to proving the proposition for X a discrete, G-finite (G, 7^m)-complex. The 
cyclic module C{k[Q'~^{X)]/k) decomposes into a direct sum of cyclic modules [H 
7.1] 

c{k[g^{x)]/k)= d^\k[g^{x)]/k) 

[g]EconG 

Here the direct sum runs over the set conG of conjugacy classes of elements of G. 
Because X is a (G, J-"m)-complex, C^3^k[Q'^{X)]/k) = for g of infinite order. 
So assume g is of finite order. Let Zg C G be the centralizer subgroup. By [?J 
Lemma 7.2] (see also [9, Cor. 9.12]), there is a natural quasi-isomorphism of cyclic 
/c-modules 

H{Zg,k[xs]) ^ cis]^k[g''(^x)]/k) 

Here the domain has the cyclic structure given by 

t„ : H{Zg, k[Xa])^ = fc[Z<,]«" 0^ k[Xa] ^ H{Zg, k[Xa])^ 

tn{zi ® • • • ® (8) a:) = (Zi • • • ZnY^g ® Zi ® ■ ■ ■ ® Z„_i (g) Z„(x) 

Let {g) C Zg be the cyclic subgroup. A Serre spectral sequence argument (see the 
proof of [UJ Lemma 9.7.6]) shows that the projection 

H{Zg,k[Xa]) ^ H{Zgl{g),k[XS]) 

is a quasi-isomorphism of cyclic fc-modules. Summing up we have a natural zig-zag 

of quasi-isoniorphisms of cyclic modules 

(2.2.2) 

H{Zgl{g),k[X^])^ H{ZgMX'])^C{k[g^{X)]lk) 

[g] £ con fG [5] G con f G 
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Here con/G is the set of conjugacy classes of elements of finite order. We remark 
that, because X is a finite (G, J^m)-complex by assumption, the direct sums above 
have only finitely many nonzero summands. By 14, Corollary 9.7.2], we have a 
natural equivalence 

HP{H{Zj{g),k[X^])) -^Y[HiZj{g),k[X^])[2p] 

pel. 

Summing up we have a natural quasi-isomorphism 
(2.2.3) 

n f H{Z,,k[X^]) j [2p] ^ HP{k[g^{X)/k]) ^ H^{X, HP{k/k)) 

Taking into account ()2.2.2|) and using the fact that HH{k/k) — > k we obtain a 
quasi-isomorphism of chain complexes 

(2.2.4) H{Zg,k[X<^])^H''{X,k) 

[g]econ;G 

Moreover, in (|2.2.3p we can replace HpGZ ®pgz because H^{X, fc) = for n ^ 0. 
Indeed, X is a finite disjoint union of homogeneous spaces G/K with K G Tin, 
and 

H^{G/K,k) = H^{G/K,HH{k/k)) = 

H^{K/K,HH{k/k)) = HHjk[K]/k) 

which is zero in positive dimensions since k[K] is separable for finite K. This 
concludes the proof. □ 

Proposition 2.2.5. (cf. [9, Rmk. 1.9]) If k D Q is afield, then the assembly map 
H^{£{G,nn),HP{k/k)) HP,{k[G]/k) 

is injective. 

Proof. The inclusion 

Cik[G]/k)= GM(MG]/fc)c n C-^IMGIA) 

[(?]ecoiiG [g]econG 

induces a chain map HP{k[G]/k) -> n[g]econG ^^'^'(^[Cl/fc)- Projecting onto 
the conjugacy classes of elements of finite order and taking homology we obtain a 
honiomorphism 

(2.2.6) HPjk[G]/k)^ Yl HPlf\k[G]/k) 

[g]e con/G 

Now for g of finite order GI^' (fc[G]/A:) = H{Zg, k) ^ H{Zg/{g),k), hence by [H 
Cor. 9.7.2] 

HPls\k[G]/k) =l[Hr,+2n.{Zg,k[pt]) =l[Hr,+2m{Zg,k[£{G,nny]) 
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One checks that the composite of the assembly map with the map ()2.2.6p is the 
inclusion 

H^{£{G,Tin),HP{k/k)) = ^ H^^^„^{£{G,Tin),k) (by Proposition EXB 

ni 

C n^"+2™(^(G,-Fjn),fc) = [] H^+2„,{Zg,k[£{G,Tiny]) (by ^M) 

m m [g]Gcon_fG 

C[] n Hr,+2rn{Zg,k[£{G,FinY]) 
m [g]econ/G 

□ 

3. Equivariant Connes-Karoubi Chern character 

In this section we consider algebras over a field k of characteristic zero. Recall 
from 0J §8.2] that the homotopy if -theory and periodic cyclic homology of a k- 
linear category are related by a Connes-Karoubi Chern character 

(3.1) KH{C)—^HP{C/k) 

In particular if G is a group, H d G a subgroup and R a unital fc-algebra we have 
a map of OrG-spectra 

ch : KHiRig'^iG/H)]) ^ HP{R[g'^{G/H)]/k) 

By [H Lemma 3.2.6], this map is equivalent to the Chern character 

ch : KH{R[H]) HP{R[H]/k) 

for each fixed H . Using excision, all this extends to an arbitrary nonunital algebra 
A in place of R. We are interested in the particular case when k is either C or 
Q and A < B \s an ideal in the algebra B of bounded operators in a separable 
complex Hilbert space. Let p > 0; write < B for the Schatten ideal of those 
compact operators whose sequence of singular values is p-summable. Let H C G 
be a subgroup and Tr : £^ — > C the operator trace. The map of cyclic modules 

Tr : G(£^c[e^(G/H)] : C'[g''{G/H)]/C) ^ G(C[e«(G/i7)]/C) 
Tr{ao ® go ® • ■ ■ ® On 5n) = Tr{ao ■ ■ ■ an)go ® ■ ■ • ® g„ 
induces a natural transformation of OrG-chain complexes 

(3.2) Tr : HP{C^[g^ {G/ H)]/C) H P {C[g^ {G / H)] / C) 

Proposition 3.3. Let X be a {G , Fin) -complex and <1 B the ideal of trace class 
operators. Then the composite 

c : H^iX, KH{L^)) ® C H^{,X, HP{C^/C)) H^{X, HP{C/C)) 

is an equivalence. 

Proof. It suffices to consider the case X = G/H with H E Fin. By [4j Lemma 
3.2.6], we have a homotopy commutative diagram with vertical equivalences 



H])®<C ^ HP{C^ [H]I<C) ^ HPiC 



H]/C) 



KH{C^[g^{G/H)]) (g, C HP{£.^[gG{G/H)]/C) *- HP{C[g^{G/H)]/C) 
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Because H £ Tin, C[H] is Morita equivalent to its center, which is a sum of copies 
of C indexed by the conjugacy classes of H: 

(3.4) C[H] ~ Z{C[H]) = C 

con(H) 

Since the (periodic) cyclic homology of C as a C-algebra and as a locally convex 
topological algebra agree, it follows that the map HP{C[H]/C) HP^°p{C[H]) is 
the identity. Next recall from [5;, Notation 5.1 and Theorem 6.2.1 (iii)] and that if 
/ <l B is an operator ideal with a Banach algebra structure such that the inclusion 
/ C ;B is continuous and (8) is the projective tensor product, then for every locally 
convex algebra A the comparison map KH{I^A) — > K^°^{I®A) is an equivalence. 
In particular this applies when I — and A = <C[H]. Hence we have a homotopy 
commutative diagram with vertical equivalences 

KH{C^[H]) (E) C ^ HP{C[H]/C) 



K^°PijC^[H]) ^ C HP^°P{C^[H]) HP^°P{C[H]) 

Here c/i*°p is the topological Connes-Karoubi Chern character. Using p. 41) we have 
that Tr is an equivalence by [61 Prop. 17.2] and c/i*°p is an equivalence because of 
p.4p and of the commutativity of the following diagram 

i^*°P(£i) (g) C HP'°P{C^/C) 



K^°P{C) ® C i/P'°P(C/C) 
It follows that c is an equivalence. This concludes the proof. □ 

Corollary 3.5. Let X be a {G,J-in) complex. Then, for every p > there is an 
equivalence 

c : H^{X, KH{CP)) ® C ^ H^{X, HP{C/C)) 

Proof. Because £} j CP for p < 1 and / for p > 1 are nilpotent rings and KH 
is nilinvariant ([151), the maps 

KH{a'[G''{-)]) ^ KHiC^lG'^i-)]) (p < 1) 

and 

KHiC^iG'^i^)]) ^ KH{C'^[g''{-)]) [p > 1) 

are equivalences of OrG-spectra by Remark 12.1.51 and (|2.1.8p . The proof is now 
immediate from Proposition 13. 31 □ 

4. The i^TiJ-ASSEMBLY MAP WITH £P-COEFFICIENTS 
Theorem 4.1. Let p > and G a group. Then the rational assembly map 
H^{£{G, Tin), KH{£P))(E)q^ KH,{CP[G]) ® Q 

is injective. 
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Proof. It suffices to show that the map tensored with C is injective. We have a 
commutative diagram 

H^{£{G,nn),KH{CP))(g}C ^ KH,{Cp[G]) (g) C 



H^{£iG, Fin),HP{C/C))> ^ HP^{C[G]/C) 

The vertical map on the left is an isomorphism by CoroUarv 13.51 the bottom hori- 
zontal map is injective by Proposition 12 . 2 .51 It follows that the top horizontal map 
is injective. This concludes the proof. □ 

Let S = Up>o n\ig of all Schatten operators. Because = S, the 

ring S is ii'-excisive by [T2j Thm. C] and 5, Proof of Thm. 8.2.1] (see also [16l 
Thm. 4]). We can now deduce the following result of Guoliang Yu. 

Corollary 4.2. ( \17\ Thm. l.l]j. The rational assembly map 

H'^{£{G,Vcyc),K{S))®Q^ K,{S[G])(g)q 

is injective. 

Proof. Because 5 = 5^ and the tensor product of operators B®B ^ B{H®H) = B 
sends ® S ^ S, the operator ideal S is sub-harmonic in the sense of [5l Def. 
6.5.1]. Hence the map K{A ®c S) KH{A is an equivalence for every 

H-unital C-algebra A (0 Thm. 8.2.5, Rmk. 8.2.6]). Applying this when A = C[H] 
and using the fact that both K and KH satisfy I2.1.3[ we obtain an equivalence of 
OrG-spectra K{S[g^{G/H)]) KH{S[g^{G/H)]) (see Remark[2XSl). Hence for 
every G-simplicial set X we have a homotopy commutative diagram with vertical 
equivalences 

(4.3) H^{X, K{S)) K{S[G]) 



H(^{X,KH{S))^^^^KH{S[G]) 
On the other hand by [H Thm. 7.4] and (|2.1.9p . for every ring A the map 

£{G,Tin) -> £{G,Vcyc) 

induces a weak equivalence 

H^{£{G, Fin), KH{A)) ^ H^{£{G, Vcyc),KH{A)) 
Applying this to A = S and using Theorem l4.1l we obtain that when X = £{G, Vcyc) 



the bottom horizontal arrow in (j4.3p -and thus also the top arrow- is a rational 
equivalence. □ 
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